We reconsider the non-singular Matter Bounce scenario first developed in [20] which starts with a matter-dominated period of contraction and transitions into an Ekpyrotic phase of contraction. We consider consistently both matter fields, the first of which plays the role of regular matter, and the second of which is responsible (via the choice of its potential) for a period of Ekpyrotic contraction, and (via Galileon type kinetic operators) for the nonsingular bounce. Since the dominant matter field is massive, the induced curvature fluctuations are initially not scale-invariant, whereas the fluctuations of the second scalar field (which are initially entropy fluctuations) are scale-invariant. We study the transfer of the initial entropy perturbations into curvature fluctuations in the matterdominated phase of contraction and show that the latter become nearly scale invariant on large scales but are blue tilted on small scales, which may provide a distinct signature for forthcoming observations. The existence of a second field leads to the generation of entropy perturbations. We study the evolution of both curvature and entropy fluctuations through the bounce. We show that both have a scale-invariant spectrum which is blue-tilted on small scales, but that the entropy fluctuations end up with an amplitude which in general is much smaller than that of the curvature perturbations since curvature perturbations undergo a gravitational amplification during the bounce phase. Therefore, our model predicts that the universe is highly adiabatic and isotropic after the bounce even after the addition of regular matter and hence provides a paradigm competitive to inflation for explaining the origin of structure in the universe.
I. INTRODUCTION
Current high precision data from ground-based [1, 2] and space-based [3, 4] cosmic microwave background (CMB) telescopes indicate that the origin of structure in the universe is due to a primodial spectrum of nearly adiabatic and nearly scale-invariant cosmological fluctuations. As realized long before these observations [5] (see also [6] [7] [8] ), a phase of cosmological inflation during the very early universe will generate such a spectrum. On the other hand, inflation is not the only way to generate such a spectrum. As realized in [9, 10] , a scale-invariant spectrum of curvature fluctuations on super-Hubble scales is also generated during a phase of matter-dominated contraction. In order to make contact with the present expanding universe, new physics is required which allows for the transition between the contracting and expanding phases. Such a transition can in principle either be singular from the point of view of the low-energy effective theory (as in the case of the original Ekpyrotic scenario [11] ), or non-singular. There are various ways of obtaining a non-singular bounce, e.g. by modifying the gravitational action as in Horava-Lifshitz gravity [12] , torsion gravity [13] , or by adding null energy condition violating matter such as a ghost condensate [14] or Galileon [15] field 1 . A cosmological model with an initial phase of matter-dominated contraction and a non-singular bounce is called the Matter Bounce scenario and it provides an alternative to cosmological inflation for generating the observed spectrum of cosmological fluctuations (see e.g. [17] for review articles on the matter bounce scenario) 2 . A problem for most bouncing cosmologies is the instability against anisotropic stress, the BKL instability [18] . An intuitive way of understanding this problem is to note that the effective energy density in anisotropies evolves with the cosmological scale factor a(t) as ρ anis ∼ a −6 , and thus increases much faster in a contracting universe than the energy densities in matter and radiation. Hence, unless the initial anisotropies are not tuned to zero to a very high precision, no homogeneous bounce will occur.
The solution to this problem, first implemented in the context of the Ekpyrotic scenario [11] , is to introduce a new matter field φ during the contracting phase whose energy density scales with a higher power of a −1 than that of the anisotropy term and which hence dominates the total energy density during the later phases of contraction. With such a field, the BKL instability can be avoided [19] . In [20] , a concrete model was proposed in which the new field φ generates both the Ekpyrotic contraction phase and the non-singular bounce. This is obtained by giving φ a Galileon-type non-standard kinetic action (which yields the non-singular bounce), and by providing it with a negative exponential potential which then yields the Ekpyrotic contraction. If we assume that the contracting period starts with a phase of matter-domination, we obtain a realization of the "matter bounce" scenario. In [20] the evolution of the spectrum of cosmological fluctuations across the bounce phase was studied in detail. In particular, it was shown that the two problems for a certain class of non-singular bounce models discussed in [21] do not arise 3 The stability of this model against anisotropic stress was then confirmed in [22] by following the cosmological evolution in the context of an anisotropic Bianchi ansatz.
In the model of [20] (and in many other implementations of the "matter bounce") there are two matter fields, the field φ and a field ψ representing the matter which initially dominates the phase of contraction, and which has an equation of state p = 0, p denoting the pressure density. Thus, in general there will not only be adiabatic cosmological fluctuations, but also entropic ones. In this paper we give a careful analysis of the evolution of both background and cosmological perturbations in the two field scenario in which a first field ψ generates a matter phase of contraction, and a second field φ which has a negative exponential potential and hence yields a later phase of Ekpyrotic contraction, and which has a non-trivial kinetic action which generates a non-singular bounce.
We begin in the matter-dominated period of contraction with vacuum fluctuations of both scalar fields. For ψ, the resulting power spectrum is blue, since the field has a mass. For φ, the resulting power spectrum on super-Hubble scales is scale-invariant. In the far past, the spectrum of φ corresponds to the entropy mode, while ψ corresponds to the adiabatic mode. However, at the transition between the matter phase and the Ekpyrotic phase, φ becomes the adiabatic field, and thus a scale-invariant spectrum of curvature fluctuations results. Due to the gravitational mixing between the two modes during the matter phase of contraction, the φ fluctuations induce a scale-invariant component to the spectrum of ψ fluctuations at the end of the matter phase of contraction (this is the analog of the "curvaton" scenario of structure formation [23] -see also [24] ). Hence, the mode which becomes the entropy mode during the later phases of evolution also inherits a scale-invariant contribution in addition to the original contribution which has a steep blue spectrum.
The outline of the paper is as follows: in Section II we discuss the model for a non-singular bounce proposed in [20] , and how this is affected by the addition of an additional scalar field of K-essence form. In Section III we describe the background cosmological evolution by splitting the time history of the universe into phases: matter contraction, Ekpyrotic contraction, non-singular bounce, and fast roll expansion. To justify this phase structure, and to serve as a evidence that this model is feasible, we study the background numerically. In Section IV, we consider the evolution of perturbations our model, which we term the New Matter Bounce. The power spectra at late times are then found in Section V. We finish with some concluding remarks in Section VI.
A word on notation: We define the reduced Planck mass by M p = 1/ 8πG N where G N is Newton's gravitational constant. The sign of the metric is taken to be (+, −, −, −). Note that we take the value of the scale factor at the bounce point to be a B = 1 throughout the paper.
II. NONSINGULAR BOUNCING COSMOLOGY
We consider a nonsingular bounce model in which the universe is filled with two scalar fields. One of them yields the bounce solution and the other plays the role of regular matter component. The Lagrangian of the model is given by
where φ is the bounce field of Galilean type and ψ is a K-essence scalar of general form 4 . We have also defined
and the other kinetic term of φ includes the operator
For the bounce field under consideration, we take:
where we have introduced a positive-definite parameter β so that the kinetic term is bounded from below at high energy scales. Note that the first term of K(φ, X) involves M 2 p since in the present paper we adopt the convention that the scalar field φ is dimensionless.
The dimensionless function g(φ) is chosen such that a phase of ghost condensation only occurs around φ = 0, which requires g to be smaller than unity when |φ| 1 but larger than unity when φ approaches the origin. In order to obtain a violation of the Null Energy Condition after the termination of the Ekpyrotic contracting phase, g must become the dominant contribution to the quadratic kinetic term when φ approaches 0. Given these constraints, we choose its form to be
where g 0 is a positive constant defined as the value of g at the moment when φ = 0, and is required to be larger than unity, g 0 > 1. Also, p is a positive constant chosen to be smaller than 1.
We have also introduced a non-trivial potential V for the bounce field φ, which is chosen such that Ekpyrotic contraction is possible. It is well known that the homogeneous trajectory of a scalar field can be an attractor solution when its potential is an exponential function. One example is inflationary expansion of the universe in a positivevalued exponential potential, and the other one is the Ekpyrotic model in which the homogeneous field trajectory for a negative exponential potential is an attractor in a contracting universe. For a phase of Ekpyrotic contraction, we take the form of the potential to be
where V 0 is a positive constant with dimension of (mass) 4 . Note that the positive constant q must be smaller than 1/3 in order to obtain Ekpyrotic contraction. Also, the constant b V is an asymmetry parameter for the potential. The potential is always negative and asymptotically approaches zero when |φ| 1. Ignoring the second term of the denominator, this potential reduces to the form used in the Ekpyrotic scenario.
The term G(φ, X) is a Galileon-type operator, and hence it has the special property of giving the Lagrangian higher order derivative terms in φ, while ensuring the equation of motion remains a second order differential equation. We introduce this operator to stabilize the gradient term of cosmological perturbations, which requires that the sound speed parameter behave smoothly and be positive-definite throughout most of the background evolution. For simplicity, we will choose G to be a simple function of only X:
where γ is a positive number. We now turn to the second field ψ. It is introduced to play the role of an arbitrary matter field satisfying the null energy condition. Initially, we take its Lagrangian to be of K-essence form, P (ψ, Y ), but eventually we will consider a canonical massive free scalar field. Then its pressure and energy density are given by
There are two important quantities for this system: the equation of state w ψ and the sound speed square c 2 ψ . These are given by
Moreover, varying the Lagrangian with respect to the bounce field φ yields the following equation of motion:
where we have introduced
From Eq. (17), it is clear that the function P determines the positivity of the kinetic term of the scalar field and thus can be used to determine whether the model contains a ghost or not at the perturbative level; the function D on the other hand, represents an effective damping term. By keeping the first terms of the expressions for P and D and setting g = 0, one can recover the standard Klein-Gordon equation in the FRW background. Neglecting the other terms is a good approximation when the velocity of φ is sub-Planckian. Note that the friction term D contains the contributions from the matter fluid, which can be suppressed for small values ofφ. However, these terms will become important during the bounce phase whereφ reaches a maximal value. Finally, we can write down the Einstein equations in this background,
Once expanded in components, this tensor equation yields the effective Friedmann equations,
where ρ T and p T represent the total energy density and pressure in the FRW universe, e.g. the sum of the contributions of the bounce field and the matter field.
III. BACKGROUND EVOLUTION
The initial conditions of the background are chosen such that the universe is initially dominated by regular matter in the contracting phase, which in our model is mimicked by the matter field ψ. Since the potential of the bounce field V (φ) has an Ekpyrotic potential for φ 1, the corresponding energy density grows faster than that of regular matter. As a consequence, φ eventually becomes dominant, signaling the end of matter contraction. After that, the Ekpyrotic phase of contraction begins, and lasts until the nonsingular bounce interval begins (this is the phase where the effects coming from new physics dominate), followed by a period of fast-roll expansion, which in turn ends at a transition to the expansion of Standard Big Bang cosmology. We choose the initial conditions for the density of regular matter and for the value of φ such that the temperature at which the Ekpyrotic phase begins is higher than that at the time of equal matter and radiation in the Standard Big Bang expanding phase.
A. Analytic estimates
In the following we briefly investigate the evolution of the universe in each of the periods mentioned above, and refer to [22] for a more generic analysis in which the anisotropy was taken into account as well.
Matter contraction
We start by considering the period when the universe is dominated by the matter field ψ. We take the Lagrangian of ψ to be that of a free canonically normalized massive scalar field:
Thus the matter field oscillates around its vacuum state ψ = 0 and the time-averaged background equation of state parameter is roughly w = 0. In this phase, the scale factor evolves as
where t E denotes the final moment of matter contraction and the beginning of the Ekpyrotic phase, and a E is the value of the scale factor at the time t E . In the above,t E is an integration constant which is introduced to match the Hubble parameter continuously at the time t E , i.e.,
Hence, the Hubble parameter can be approximately expressed by
where the angular brackets stand for averaging over time. The solution for the scalar field ψ can be asymptotically expressed (modulo a phase) as
with a time dependent amplitudeψ
which yields an equation of state which has vanishing pressure after averaging over an oscillation period of the field.
Ekpyrotic contraction
We assume a homogeneous scalar field φ which is initially placed in the region φ −1 in the phase of matter contraction. In this case, the Lagrangian for φ approaches the conventional canonical form. Once φ begins to dominate the energy-momentum tensor of matter, it then approaches an attractor solution which is given by
wheret B− is an integration constant which is chosen in order that the Hubble parameter at the end of the phase of Ekpyrotic contraction matches with the one at the beginning of the bounce phase. This attractor solution corresponds to an effective equation of state
During the phase of Ekpyrotic contraction, the scale factor evolves as
where a B− is the value of scale factor at the time t B− which corresponds to the end of Ekpyrotic contraction and the beginning of the bounce phase. Therefore, the Hubble parameter is given by
where, in order to make H(t) continuous at the time t B− , one must set
Additionally, we require the scale factor to evolve smoothly and continuously at the time t E . This leads to the relation
Bounce phase
In our model the scalar field evolves monotonically from φ −1 to φ 1. For values of φ between φ − ∼ − p/2 ln(2g 0 ) and φ + ∼ p/2 ln(2g 0 )/b g (assuming one term in the denominator of g(φ) dominates over the other at each transition time), the value of the function g(φ) becomes larger than unity and thus the universe enters a ghost condensate state. The occurrence of the ghost condensate naturally yields a short period of null energy condition violation and this in turn gives rise to a nonsingular bounce [14] .
As shown in Ref. [20] , we have two useful parameterizations to describe the evolution of the scale factor in the bounce phase. One is the linear parametrization of the Hubble parameter
and the other is the evolution of the background scalaṙ
where the coefficient Υ is set by the detailed microphysics of the bounce. The coefficient T can be determined by matching the detailed evolution of the scalar field at the beginning or the end of the bounce phase, which will be addressed in next subsection. Thus, during the bounce the scale factor evolves as
Note that a nonsingular bounce requires that the total energy density vanishes at the bounce point. The total energy density includes the contributions from the matter fields and the anisotropy factors. This leads to the following result for the value ofφ Bφ
where we have made use of approximations that ρ m and ρ θ are much less than V 0 and V 0 M 4 p in the second line. These approximations must be valid for the model to hold since both ρ m and ρ θ are greatly diluted in the Ekpyrotic phase and V 0 is the maximal absolute value of the potential of φ which, according to the observational constraint from the amplitude of cosmological perturbations, must be far below the Planck scale.
Fast-roll expansion
After the bounce, the universe enters the expanding phase, where the universe is still dominated by the scalar field φ. During this stage, the motion of φ is dominated by its kinetic term while the potential is negligible. Thus, the background equation of state parameter is w 1. This corresponds to a period of fast-roll expansion, where the scale factor evolves as
where t B+ represents the end of the bounce phase and the beginning of the fast-roll period, and a B+ is the value of the scale factor at that moment. Then one can write down the Hubble parameter in the fast-roll phase
and the continuity of the Hubble parameter at t B+ yields
Recall that, in Eq. (36), we made use of a Gaussian parametrization of the scalar field evolution in the bounce phase, with characteristic timescale T . In the fast roll phase we find the following approximate solution for the evolution of φ:φ
where we have applied (36) in the second equality. This implies that
Moreover, the Friedmann equation requires that ρ φ 3M 2 p H 2 in the fast-roll phase, so that T 2 is given by
B. A (Numerical) Proof of Principle
To justify our claims that the background does exhibit this phase structure, we numerically solve the background equations of motion. We present this solely as a 'Proof of Principle', in order to illustrate the occurrence of a nonsingular bounce in the model under consideration. By this we mean that the parameters are chosen to make the effect of the matter field ψ manifest during the bounce, but this parameter choice does not necessarily satisfy the bounds imposed by observations. Assuming parameter values taking into account the experimental constraints would lead to an Ekpyrotic phase which is long enough to dilute all the matter fields, which would decrease the significance of entropy perturbations. Similarly, in the limit that the Ekpyrotic phase stretches to the infinite past, the evolution of the background approaches that obtained in a regular isotropic bounce model realized by a single field as studied in [20] .
In the numerical calculation we work in units of the Planck mass M p for all variables. We specifically set a group of model parameters as,
Moreover we choose the initial conditions for the bounce field and matter field as follows,
Our numerical results are presented in Figs. 1 and 2. In order to enlarge the details of the cosmic evolution, we introduced a parameter
(where a 0 is a normalization constant) as the horizontal axis in Fig. 1 . The vertical axis shows the dynamics of the Hubble parameter and the equations of state of scalar fields as well as the overall one.
From the upper panel of Fig. 1 , one can see that the Hubble parameter evolves smoothly through the bounce point with an approximately linear dependence on cosmic time. However, the bounce phase is not symmetric with respect to the bounce point in this model. The lower panel of Fig. 1 shows that the background equation of state initially takes an average value w = 0 since the universe is dominated by the oscillating matter field ψ. During the matter contraction, the bounce field slowly becomes dominant over and triggers a period of Ekpyrotic contraction, where for our parametrization the equation of state is approximately equal to w = 5.67. When the universe enters the bounce phase, the background equation of state experiences a sudden decrease to negative infinity and then evolves back to a value w = 1 which signals a fast-roll expanding phase.
In order to better characterize the transitions between different phases, we plot the evolution of the energy densities and density parameters in Fig. 2 . The density parameters are defined as
where the subscript "i" represents φ and ψ, respectively. This figure explicitly shows that the universe in this model experiences four phases: Matter contraction, Ekpyrotic contraction, the bounce, and fast-roll expansion.
IV. COSMOLOGICAL PERTURBATIONS A. Overview
In this section we study the dynamics of linear cosmological perturbations in our Two Field Matter Bounce. One attractive property of a nonsingular bounce cosmology is that perturbation modes can be evolved smoothly through the bounce phase. In linear theory, perturbations of scalar type evolve independently from those of vector and tensor type. This reduces the number of degrees of freedom which must be analyzed. In addition, as a consequence of linearity one can track each Fourier mode independently (see e.g. [25] for a survey of the theory of cosmological perturbations and [26] for an introductory overview). The evolution of the Fourier modes depends on the background cosmology.
As per the analysis presented in the previous section, our cosmological background will first undergo matter contraction, then a period of Ekpyrotic contraction, followed by a nonsingular bounce, and then a phase of fast roll expansion. We begin with vacuum fluctuations on sub-Hubble scales in contracting phase. During the phase of contraction, wavelengths exit the Hubble radius (which is shrinking in comoving coordinates). Once they are on super-Hubble scales, the modes are squeezed. Both the exiting of the Hubble radius and the squeezing on super-Hubble scales is similar to what happens during the phase of accelerated expansion in inflationary cosmology. However, in the case of inflation the Hubble length has constant physical size while the physical wavelength of fluctuations increases exponentially. Hence, if the period of inflation was long, the physical wavelength of the fluctuations was initially smaller than the Planck length, leading to the "trans-Planckian problem" for fluctuations [27] . This problem does not arise in a bouncing cosmology as long as the energy scale of the bounce is smaller than the Planck scale (which is also required for an effective field treatment such as what we are presenting to be self-consistent) since then the physical wavelength of the fluctuation modes which we measure today were always much larger than the Planck length scale of ignorance.
As was initially realized in [9, 10] , as a consequence of the growth of the fluctuations in a contracting universe on super-Hubble scales the initial vacuum fluctuations of a massless scalar field (and consequently also the curvature fluctuations in a model in which the only matter component is this massless field) are converted to a scale-invariant spectrum. It is in this sense that the matter bounce can provide an alternative to inflationary cosmology as a mechanism to form the cosmological fluctuations we observe today. However, the model under consideration involves two scalar fields, with one (φ) being responsible for the Ekpyrotic phase and the bounce while the other (ψ) being applied to realize a matter contraction at early times. The dominant field in the initial matter phase of contraction is massive and hence its vacuum spectrum does not evolve into a scaleinvariant form in isolation. The field φ, on the other hand, is effectively massless at early times and hence evolves to obtain a scale-invariant spectrum on super-Hubble scales. The field φ is an entropic field during the phase of matter contraction. Once the Ekpyrotic phase begins, φ becomes dominant and hence the φ mode becomes the curvature mode while the ψ fluctuations become the entropy modes. As is well known, entropy modes source a growing curvature perturbation on super-Hubble scales 5 Thus, to determine the final spectrum of curvature and entropy fluctuations in our model we must carefully study the interaction of the two fluctuation modes in each cosmological phase. As we will show, in the matter phase of contraction, the scale-invariant φ mode (which acts as an entropy fluctuation) seeds a curvature fluctuation (the ψ mode in the initial phase) of comparable magnitude. Thus, at the end of the matter-dominated phase of contraction, both modes are scale-invariant and have comparable amplitude. After that time, it is no longer important to consider the sourcing of the adiabatic mode by the entropy mode since the adiabatic mode is already larger in amplitude (and the effect of the sourcing cannot induce a larger amplitude than that of the source)
In many non-singular bounce models it has been shown that the scale-invariance of curvature fluctuations is preserved during the bounce phase (see, however, the exceptions discussed in [21] ). We will show that this is also the case in our model. We will also evolve the entropy fluctuations on super-Hubble scales and will show that they preserve their scale-invariance on large scales. Moreover the curvature mode are amplified compared to the the entropy mode during the bounce phase, and thus the final spectrum of fluctuations is almost completely adiabatic.
In both the matter contraction phase and the Ekpyrotic phase, the Lagrangian of the bounce scalar recovers the canonical form, since the higher derivative terms are suppressed by the small value ofφ. In the matter contraction phase, it is convenient to study the evolution of perturbation modes in the spatially flat gauge (ζ = 0) and the initial conditions for two field fluctuations can be imposed inside the Hubble radius. However once the initial conditions have been set, we can switch into the uniform φ gauge (δφ = 0) for the Ekpyrotic and subsequent phases. In this way, the curvature perturbation becomes manifest.
To perform this perturbation analysis we use three sets of perturbation variables. For the initial conditions, we consider the field fluctuations in the spatially flat gauge
where Φ is the Bardeen potential (see Appendix A). We can change to the uniform φ gauge, where the perturbation Figure 3 : Stages of the Perturbation analysis. We begin in the matter dominated phase by using the field fluctuations, then change gauge to study the entropy and curvature perturbations. We match the curvature perturbations through the bounce to solve for the behaviour in the fast roll expansion phase. We denote the phases of the bounce by indices on the perturbation variables: m , c , b , and e, for matter domination, Ekpyrotic contraction, bounce, and fast roll expansion. 
We lay out the general recipe for the perturbation analysis in Figure IV A 
B. Field fluctuations during matter contraction
At the beginning of the contraction, the universe is dominated by the matter field ψ which is oscillating around its vacuum point; this yields an average value of background equation of state w 0 and thus the universe is in a matter dominated phase. During this phase, the bounce field φ is subdominant and fast rolling down along its potential with an effective equation of state w φ 1.
One can perturb the metric and the two scalar field to linear order, which includes three scalar type perturbation modes, ζ, δφ and δψ, respectively. However, one of these three variable can be eliminated by making a gauge choice. We start by considering the evolution of cosmological perturbations using the gauge invariant field fluctuations Q φ and Q ψ defined in Eq. (49), which are the Mukhanov-Sasaki variables [29, 30] .
One can introduce the gauge invariant curvature perturbation as in Eq. (50), as well as the entropy perturbation
At early times in the matter dominated phase,ψ φ M p , which implies that
Therefore, one can immediately observe that initially the main contribution to the curvature perturbation is from the matter field fluctuation, and the entropy perturbation is dominated by the fluctuation of the bounce field. However, one can see from Eq. 50 that by the end of the matter contraction phase, the contribution to the curvature perturbation from each field will become equally important. With this in mind, we follow the evolution of v φ and v ψ during the matter contraction in order to determine the resulting spectrum of v ζ at t E . We will see that the result of this is that ζ acquires a scale invariant spectrum from the bounce field (which was initially the entropy perturbation). This is an explicit realization of the Matter Bounce Curvaton scenario proposed in [24] . The field fluctuations evolve following the general equations of motion provided in (A6) as analyzed in Appendix A. The perturbation equations can be written in terms of canonical variables
The equations of motion can then be written in Fourier space as
where the prime denotes the derivative with respect to conformal time, and we define the source (interaction) terms:
We can treat this system perturbatively, using the first order Born approximation to estimate the effect of the source terms. We begin by analyzing the source-free ('homogeneous') system:
One can see from Eq. (59) that the k 2 term will initially dominate, and so the squeezing factor a /a can be neglected. Thus the dynamics for v φ corresponds to a free scalar propagating in a flat space-time, and the initial conditions take the form of the Bunch-Davies vacuum:
However, the situation for v ψ is different, due to the presence of a non-zero mass. Specifically, in Eq. (60) when we neglect the last term a /a, the mass term becomes important in addition to the k 2 term at the initial moment. Thus one can introduce an effective frequency for v ψ as
and Eq. (60) has an asymptotic solution which oscillates rapidly with this time dependent frequency on sub-Hubble scales. This is what is expected since the adiabaticity condition |ω k /ω 2 k | 1 is satisfied which corresponds to a situation in which the effective physical wavelength is much smaller than the Hubble radius. Therefore, the modes can be regarded as adiabatic when they are in the sub-Hubble regime with |ω k τ | 1, and we can impose a suitable vacuum initial conditions by virtue of a Wentzel-Kramers-Brillouin (WKB) approximation
where ≡ −Ḣ/H 2 = 3/2 in the phase of matter contraction. During both the matter and Ekpyrotic phases of contraction, the fluctuations modes on scales of cosmological interest today exit the Hubble radius and become classical perturbations 6 . For matter dominated contraction, one has
where H E is the conformal Hubble parameter at the moment t E . The gravitational term a /a leads to the squeezing of field fluctuations. Making use of the vacuum initial condition, we obtain an exact solution to (59):
in the phase of matter contraction. For the v ψ mode, there exists a mass term in the expression for the dispersion relation, and thus the field fluctuations do not get squeezed on super-Hubble scales. Instead, one can neglect the k 2 term and derive an asymptotical solution as follows,
These homogenous solutions correspond to a scale invariant spectrum of the entropy mode φ, and a spectrum of the initial curvature mode ψ that is deeply blue:
As we now show, the entropy mode sources a growing contribution to the curvature mode which then inherits the scale-invariant spectrum of the entropy mode. To compute this effect, we use the 1st order Born approximation in which we evaluate the form of the source terms using the zero'th order solutions. This means that the 1 st order corrections are determined using the equation of motion with the following background-dependent source terms:
We solve these for modes on super-Hubble scale and obtain the homogeneous solution plus first order correction,
Correspondingly, the power spectra for two field fluctuations near the end of matter contraction are given by
We can see from the above expression that the gravitational interaction mixes the spectra of the two fields, such that both fields have a scale invariant piece which is the one which dominates in the infrared.
C. Perturbations in the phase of Ekpyrotic contraction
During the matter contraction, the energy density of the φ field becomes more and more important since it is fast rolling along its tachyonic potential. At some moment t E , its contribution to the background energy density starts to dominate over that of the ψ field. We still have |φ| 1 andφ M p and thus the Lagrangian of φ is of canonical form with an Ekpyrotic potential. This model then yields an attractor solution of Ekpyrotic contraction
We have introduced the instant of timeτ B− when the scale factor would meet the big crunch singularity if there was no nonsingular bounce. If we were not interested in the bounce phase, it would make sense to normalize the time axis such thatτ B− = 0, and in this case we would find that the function g would become unity slightly earlier, namely at a time
(keeping in mind that H B− is negative). This signals the beginning moment of the bounce phase τ B− .
Note that, when the universe has not yet arrived at the nonsingular bounce phase, the Lagrangian has canonical form and thus the analysis based on gauge invariant field fluctuations (shown in the previous subsection) is still valid. However, one can see that the main contribution to the curvature perturbation has changed from δψ to δφ. To render the analysis of cosmological perturbations through the nonsingular bounce easier, we switch to the uniform φ gauge in the Ekpyrotic phase. The detailed analysis of the second order action for perturbations is performed in Appendix B. The simplified quadratic action in this phase is given by:
the subscript 'i' runs over {ζ, ψ}. In Appendix B we introduce two new perturbation variables {v σ , v s } which are linear combinations of v ζ and v ψ . This rotation decouples the kinetic terms of v ζ and v ψ in the general evolution.
However, in the model under consider, we can find quadratic actions for v ζ and v φ which allows for an easy analysis without resorting to a field rotation. The quadratic action (75) yields the following equations of motion for perturbation variables
One can solve for the general solutions to the above equations of motion as follows,
where ν c =
(1−3q) 2(1−q) and the subscript "c" denotes the Ekpyrotic contracting phase. In addition, J vc and Y vc are the two linearly independent Bessel functions with indices ν c . The coefficients C i,1 and C i,2 are functions of comoving wave number k, and are determined by matching the perturbations at the surface of t E , as we will address in Section V. For the moment we keep the coefficients general.
Recall that the expression of curvature perturbation ζ is given by Eq. (50). When the universe evolves into the Ekpyrotic phase, the trajectory of the background evolution becomes dominated by the bounce field and thus the curvature perturbation is mainly contributed by Q φ , or equivalently v φ . Since the matter field ψ no longer dominates over in the background evolution, its field fluctuation Q ψ plays the role of entropy perturbation.
D. Perturbations through the bounce
When the bounce field φ evolves into the range of the ghost condensation, the kinetic term in its Lagrangian is no longer approximately canonical. This triggers a violation of the Null Energy Condition. This causes the universe to exit from the Ekpyrotic phase at some moment t B− and to enter the bounce phase. In this period the bounce field yields a negative contribution to the energy density which will eventually cancel all the other positive contributions, including that of the matter field ψ, at a time we denote by t B . We normalize the time axis of the background evolution such that t B = 0. At this moment, the Hubble parameter transits from negative to positive values, crossing H = 0. As a result, a nonsingular bounce takes place.
During the bounce phase, it is a good approximation to model the evolution of the Hubble parameter near the bounce as a linear function of cosmic time:
where Υ is a constant. Such a parametrization is applicable to a wide class of fast bounce models, and the value of Υ depends on the detailed microphysics of the bounce as shown in (35) . In addition, the evolution ofφ during the bounce is given by (36) . Making use of the parameterizations forφ and the Hubble parameter H, we can keep the dominant terms of the quadratic action which then simplifies to
where we discuss the role of each term below. First, we study the gradient terms of the two perturbation modes. The stability of the gradient terms is characterized by the sound speed square parameters, c 2 ψ and c 2 ζ , which are defined in (B11). In our explicit model, the matter field ψ takes canonical form and thus simply leads to c 2 ψ = 1. Moreover, if we make use of the parameter choice (45) used in the numerical estimates in the previous section and insert the value ofφ 2 B from (38) as well as the parametrization of the Hubble rate (35) into the definition of c 2 ζ , then it takes the following approximate form:
in the bounce phase. If we make use of the parameter choice (45), we immediately get c 2 ζ −1/3 which implies that the perturbation ζ suffers from an gradient instability during the bounce. However, as the duration of the bounce is extremely short, such a exponential growth does not spoil the perturbative control of the analyses 8 . We have also introduced two quantities to characterize the effective squeezing rates of the perturbation variables a a a
The coefficient T is approximately one quarter of the duration of the bounce phase, and was initially introduced in Eq. (36) to better understand the dynamics ofφ during the bounce. In the limit of a slow bounce, one finds that both squeezing rates are equal which implies that there is no differential growth of the curvature fluctuations relative to the entropy mode across the bounce. In contrast, if we consider a fast bounce model, the gravitational terms a /a and z /z differ and lead to enhanced growth of v ζ relative to v ψ . However, the overall growth during the bounce phase is bounded from above since the duration of a fast bounce cannot be smaller than the Planck time if the effective field theory description is to be self-consistent. The bottom line is that given the validity of the effective field theory analysis we can obtain a controllable amplification effect of cosmological perturbations when they evolve through the bounce phase. We use the approximate relation sin α 0 throughout the bounce phase. Then, the equations of motion for cosmological perturbations become
The general solutions to these equations of motion are given by
with the frequencies ω ψ and ω ζ being
respectively. The subscript "b" indicates that we are discussing the solutions in the bounce phase. Note that we are mainly interested in the infrared modes of cosmological perturbations which are expected to be responsible for the large scale structure of the universe at late times. Therefore, we neglect the k 2 terms in the expression for the frequencies and then easily find that v ψ and v ζ are amplified during the bounce phase. Specifically, the amplification factor F ψ for the entropy perturbation v ψ takes the form:
where B+ and B− stand for the end and beginning of the bounce phase, respectively. A reasonable bounce model requires Υ to be a very small quantity (which is equivalent to taking the 'fast bounce' limit), so that the amplitude of perturbations is in agreement with observations. In this case, the amplification of the entropy mode is in general very small. As a consequence, it is safe to approximately take F ψ 1.
On the other hand, the curvature perturbation experiences an exponential growth through the bounce phase, which can be described by the amplification factor
This result is exactly the same as the growth factor obtained in the model of single field bounce [20] , and thus shows that the amplification effect brought by the effective tachyonic mass term during the bounce is generic. In the limit of a fast bounce scenario, this amplification factor can be as large as of order O(10 5 ) as shown in [20] . This effect is very important to nonsingular bounce cosmologies since such a controllable growth perfectly suppresses the tensor-to-scalar ratio, which was originally found to be too large in matter bounce models [33] .
E. Perturbations in Fast Roll Expansion
After the bounce, the potential for φ tends to zero very rapidly. Since the energy density in φ dominates over the density in ψ, this causes us to enter a phase of fast roll expansion, where the quadratic action is given by
where the subscript "i" denotes ζ and ψ, respectively. This gives the equations of motion
which yield the solutions
with
The subscript "e" indicates that we are discussing the solutions in the fast-roll expanding phase. The coefficients E i,1 (k) and E i,2 (k) can be determined by matching the perturbations at the moment τ B+ . Modulo the square root term, the first mode is constant on super-Hubble scales but the second is growing as a logarithmic function of conformal time. As a consequence, one can see the second term Y 0 finally dominates and form the power spectra of cosmological perturbations at late times.
V. POWER SPECTRA OF COSMOLOGICAL PERTURBATIONS
Having solved equations of motion for cosmological perturbations phase by phase, now we are able to study how the solutions can be transferred from initial states to the final ones. We leave the detailed matching processes to Appendix C and here merely provide a rough description of the analysis.
Our first matching surface is chosen at the moment τ E where the Ekpyrotic contraction starts and thus is defined by ρ ψ = ρ φ . The matching conditions simply require
In the Ekpyrotic phase, the growing modes are characterized by the coefficients C ζ,2 and C ψ,2 as shown in (77), and we focus on super-Hubble scales as it is the long wavelength fluctuations that we are interested in. As a consequence, we can obtain the dominant modes of cosmological perturbations during the Ekpyrotic phase. Similarly, we match the perturbation modes in the Ekpyrotic contracting phase with those in bounce phase at the moment τ B− . Then we can solve for the coefficients of the growing modes in the bounce phase which are characterized by the coefficients D ζ,2 and D ψ,2 , respectively. The last matching surface is chosen at the moment τ B+ where primordial cosmological perturbations just pass through the bounce phase and enter the fast-roll expansion. In this case, we are able to determine the forms of E ζ,2 and E ψ,2 which are the coefficients in front of the dominant modes after the bounce.
Substituting the coefficients E ζ,2 and E ψ,2 back into the solutions (91), we eventually can solve for the asymptotic solutions of the cosmological perturbations in the final stage, on super Hubble scales these become
where we have defined,
and the U 's are dimensionless coefficient whose detailed form are given in Appendix C. As a result, we can easily calculate the primordial power spectra of curvature perturbation in the fast roll phase. Up to leading order, the result is scale invariant,
From the above expressions, we can find that the curvature perturbation is dominated by a scale invariant component while there exist other terms which can lead to scale dependence at small length scales. In our model the maximal value of H E is of the order of the mass parameter m, and thus for the perturbation modes which exit the Hubble radius during matter contracting phase the primordial power spectrum is nearly scale-invariant. However, if we consider the perturbation modes on small length scales, the spectrum becomes blue which may lead to interesting observational signals for experiments. Note that the addition of a radiation component during the contracting phase which becomes important (it need not necessarily dominate) before the onset of Ekpyrotic contraction would lead to a red tilt of the spectrum on scales which exit the Hubble radius towards the end of the period of matter domination [34] .
The power spectrum of the entropy modes which is carried (except in the initial matter phase of contraction) by the matter field ψ is also scale-invariant at large scales. It inherits this spectrum from the φ mode during the matter phase of contraction. However, the amplitude of the entropy mode is negligible in the case of a short duration bounce because the adiabatic mode is amplified by a large factor during the bounce. and thus is negligible at long wavelength limit.
Thus, this result implies that the post-bounce universe described by our model is isotropic and homogeneous after the bounce and has a nearly scale-invariant spectrum which is almost purely adiabatic. In this sense, our model provides a paradigm alternative to inflationary cosmology for explaining the observed spectrum of cosmological perturbations.
VI. TENSOR PERTURBATION
Similar to scalar modes, tensor perturbations are generated from vacuum fluctuations on sub-Hubble scales in the matter-dominated contracting phase. As the universe contracts, the tensor modes exit the Hubble radius. As is well known, the equation of motion for the tensor fluctuations is the same as that of a massless scalar field. Hence, vacuum initial conditions lead to the same amplitude of the tensor modes and the curvature fluctuations on sub-Hubble scales. Once on super-Hubble scales, the tensor modes are squeezed. During the phases of Ekpyrotic contraction, bounce and fast-roll expansion the equation of motion for the tensor modes is the same as that for the entropy mode (in the absence of mass for the latter). In particular, the squeezing factor of the modes is a /a. As we showed above, the amplitude of the entropy mode at the beginning of the Ekpyrotic phase is of the same order as that of the curvature modes, which in turn is the same order as that of the tensor modes. After the beginning of the Ekpyrotic phase the tensor and entropy modes evolve the same way. Therefore, it is easy to derive the power spectrum of primordial tensor modes. Making use of the expression (C12), one obtains the following expression for the power spectrum of primordial tensor perturbations:
One can see the power spectrum of primordial tensor modes in our model is scale-invariant. This spectrum is inherited from the power spectrum of primordial curvature perturbations on large scales. The evolution and the amplification during the bounce phase, however, follow the behavior of entropy perturbations. One can define a tensor-to-scalar ratio,
This ratio is given by the ratio of amplification factors of curvature and entropy modes during the bounce phase. Thus, this ratio can be greatly suppressed by a large value of the factor F ζ . Considering the group of canonical values for model parameters as given in the previous section discussing the background analysis, we find that this ratio can be as low as of order O(10 −8 ).
VII. CONCLUSION AND DISCUSSION
We have studied the evolution of the background and of the linear cosmological fluctuations in a two field matter bounce model in which one field (ψ) represents the regular matter which has a time-averaged equation of state p = 0, and the second field (φ) is responsible for both an Ekpyrotic phase of contraction which follows the initial matterdominated period, and which yields a non-singular bounce. As a consequence of the Ekpyrotic phase of contraction, there is no BKL instability in this model 9 . Thus, as long as the initial conditions are chosen such that the Ekpyrotic period of contraction begins before the anisotropies dominate, the background will evolve towards a homogeneous and isotropic state.
Since there are two matter fields present, it is important to study not only the adiabatic fluctuations (as was done in [20] ), but also the entropy mode. We have shown that in the matter phase of contraction the adiabatic mode (which is seeded by the massive field ψ) starts out with a deep blue spectrum, and it is only the entropy mode (which is seeded by the effectively massless field φ) which acquires a scale-invariant spectrum via squeezing on super-Hubble scales during the phase of matter contraction. However, the entropy mode continuously seeds a contribution to the curvature fluctuation. This contribution is scale-invariant, and we have shown that its amplitude at the end of the matter phase of contraction is of the same order of magnitude as the initial entropy fluctuation. Once the Ekpyrotic phase of contraction begins, the roles of the adiabatic and entropy modes change: it is now the dominant field φ which determines the adiabatic mode, and ψ becomes the entropy mode. Since the fluctuations in φ have a scale-invariant spectrum, the curvature perturbations inherit a scale-invariant spectrum at the beginning of the Ekpyrotic phase, whereas the fluctuations associated with ψ which have developed a scale-invariant form (due to the seeding mentioned above) become the entropy mode.
We followed the evolution of both the adiabatic and the entropy modes from the beginning of the Ekpyrotic phase of contraction through the non-singular bounce phase and into the following fast-roll phase of expansion. Both modes preserve their scale-invariant spectrum. The curvature fluctuations are amplified during the bounce phase, but for a fast bounce the amplification of the entropy mode is negligible. Hence, the entropic contribution to the late time fluctuations is suppressed. It is, in fact, suppressed by the same factor as the tensor perturbations to the scalar ones, since the tensor modes have the same squeezing factor as the entropy field.
We conclude that our model yields a spectrum of fluctuations consistent with current observations, and that this matter bounce hence provides an alternative to cosmological inflation as an explanation for the origin of structure in the universe. As shown in [35] , a matter bounce model will produce a specific shape of the bispectrum. Hence, the matter bounce scenario can be distinguished from simple inflationary models via careful measurements of the bispectrum. In work in progress we are extending the calculation of the bispectrum in a matter bounce scenario (which was done in [35] without taking into account entropy modes) to the two field model considered here.
